It is generally assumed that quantum field theory (QFT) is gauge invariant. However it is well known that non-gauge invariant terms appear in various calculations. This problem was recently examined in [9] for a "simple" field theory and it was shown that for this case QFT in the Schrödinger picture is not, in fact, gauge invariant. In order to shed further light on this problem we will examine the Heisenberg and Schrödinger formulations of QFT. It is generally assumed that these two "pictures" are equivalent; however we will show that this is not necessarily the case. We shall consider a "simple" field theory consisting of a quantized fermion field in the presence of a classical electromagnetic field. We will show that, although the two pictures are formally equivalent, the Heisenberg picture is gauge invariant but that the Schrödinger picture is not. This suggests that the proper way to formulate QFT is to use the Heisenberg picture.
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Introduction
Quantum field theory is assumed to be gauge invariant [1] [2] . A change in the gauge is a change in the electromagnetic potential that does not produce a change in the electromagnetic field. The electromagnetic field is given by, 0 ;
where E is the electric field, B is the magnetic field, and ( ) In order for quantum field theory to be gauge invariant a change in the gauge cannot produce a change in any physical observable such as the current and charge expectation values. However, it is well known that when certain quantities are calculated using standard perturbation theory the results are not gauge invariant. For example, the first order change in the vacuum current, due to an applied electromagnetic field, can be shown to be given by, ( ) where k is the 4-momentum of the electromagnetic field. In this case, using relativistic notation, a gauge transformation takes the following form, Now the vacuum current is an observable quantity therefore, if quantum theory is gauge invariant, the vacuum current must not be affected by a gauge transformation. Therefore ( ) μ δ g vac J k must be zero. For this to be true we must have that,
However, a review of the literature will easily show that when the polarization tensor is calculated it is found that the above relationship does not hold. Consider, for example, a calculation of the polarization tensor by W. Heitler (see page 322 of [3] ). Heitler's solution for the Fourier transform of the polarization tensor is,
The first term on the right hand side is given by, [4] ). Therefore the result that Sakurai achieves for the polarization tensor is not gauge invariant. In order to make the result gauge invariant the quantity D must be removed.
Another example of a calculation of the polarization tensor is given by K. Nishijima (see section 6-4 of Ref. [5] ). He shows that the expression that he obtains for the polarization tensor is not gauge invariant as calculated. In order to obtain a gauge invariant expression the non-gauge invariant part of the expression must be removed. (See discussion after Eq. 6-79 of Ref. [5] 
They show that this quantity is not gauge invariant. In order to obtain a gauge invariant expression they use Pauli-Villars regularization [7] . They modify the above expression by adding the quantity,
According to the Pauli-Villars procedure the auxiliary masses i M and constants i C are adjusted so that the non-gauge invariant terms are cancelled. This procedure removes the offending terms, however there is no physical process that justifies this step. That is, the auxiliary masses are not presumed to correspond to actual physical particles. They are simply a mathematical device that is used to get a physically correct result. Therefore, we see that the original calculation is not gauge invariant and must be corrected by the application of an additional step which was not part of the original formulation of the theory.
For another example refer to equation 7.79 of Peskin and Schroeder [8] . Here they show that the expression that they obtain for the polarization tensor is not gauge invariant. In order to obtain a gauge invariant expression they introduce an additional step called dimensional regularization. This "corrects" the problem by removing the unwanted terms from the expression but, as was the case with Pauli-Villars regularization, it is at the expense of introducing a procedure that was not a part of the original formulation of the theory.
Therefore, we see from this review of the literature, that when the polarization tensor is calculated the result is not gauge invariant. The non-gauge invariant part of the result must be removed in order to achieve a physically acceptable result. This removal can be done by "hand" or by the use of an additional mathematical step called regularization. The obvious question to ask, then, is why does this problem occur? If the theory is gauge invariant why does a calculation of the polarization tensor produce non-gauge invariant terms?
This question was examined in some detail in Refs. [9] and [10] . In these papers the problem of gauge invariance was examined for a "simple" field theory in the Schrödinger picture consisting of a quantized fermion field in the presence of an unquantized classical electromagnetic field. In [9] four elements that are normally considered to be part of quantum field theory were examined. These were that (1) the Schrödinger equation governs the dynamics of the theory with the Hamiltonian specified by Eq. (2.2) of [9] ; (2) the theory is gauge invariant; (3) there is local charge conservation, i.e., the continuity equation is true; (4) there is lower bound to the free field energy. It was shown that these elements of QFT are not mathematically consistent. Specifically item (2) is incompatible with item (4), that is, if QFT is gauge invariant then there cannot be a lower bound to the free field energy. However it can be readily shown that the vacuum state is a lower bound to the free field energy. Therefore, as discussed in [9] , QFT in the Schrödinger picture is not gauge invariant at the formal level. This, then, explains why non-gauge invariant terms appear in the polarization tensor. Since the theory is not gauge invariant in the first place it would be expected that the results of calculation are also not gauge invariant. A similar conclusion was obtained in [10] .
The conclusion of this research was that there is a mathematical inconsistency in QFT regarding the way the vacuum state is defined. That is, the vacuum state is defined in a way that is not compatible with the requirements of gauge invariance. It is the purpose of this paper to continue this discussion and see how this inconsistency affects other aspect of the theory. In particular we will examine the relationship between the Schrödinger and Heisenberg pictures. We will examine the "simple" field theory discussed in [9] and [10] in the Schrödinger picture and compare this to the Heisenberg picture. These two "pictures" are generally assumed to be equivalent; however we will show that this is not the case for the field theory under consideration. It will be demonstrated that, even though the two pictures can be shown to be formally equivalent, they yield different results when actual problems are worked out. It will be shown that Heisenberg picture is gauge invariant but that the Schrödinger picture is not. This suggests that if QFT was formulated along the lines of the Heisenberg picture instead of the Schrödinger picture the problems of gauge invariance would be resolved.
The possibility that the Heisenberg and Schrödinger pictures are not equivalent was advocated by P.A.M Dirac in a paper with the interesting title "Quantum Electrodynamics without Dead Wood" [11] (see also [12] ). The "dead wood" in this case is the vacuum to vacuum transitions that are part of perturbation theory in the Schrödinger picture. Dirac analyses a "toy model" field theory and creates a situation for which solutions exist in the Heisenberg picture but solutions do not exist in the Schrödinger picture. He uses this result to support his argument that the two pictures are not equivalent and that the Heisenberg picture is the correct approach. In the present paper we will reach a similar conclusion although the approach to the problem taken here is considerably different then that of Dirac.
The paper will proceed as follows. In Section 2 the different approaches leading to the Heisenberg and Schrödinger pictures will be discussed. In Section 3 the Heisenberg picture is developed and easily shown to be gauge invariant. In Section 4 the Schrödinger picture is described. The vacuum state and Schrödinger picture field operator are then defined in Section 5. We define the free field energy as the energy of the system when the electromagnetic potential is zero. It is shown that in the Schrödinger picture the free field energy of any state must be greater than or equal to the free field energy of the vacuum state. In Section 6 we examine gauge invariance in the Schrödinger picture. In contrast to the Heisenberg picture it is shown that the Schrödinger picture is not gauge invariant. In section 7 it is shown that in the Heisenberg picture there is no lower bound to the free field energy which is contrast to the Schrödinger picture where there is a lower bound. These results are then summarized in Section 8.
Heisenberg versus Schrödinger picture.
In quantum field theory a quantum system, at a given point in time, is specified by the state vector Ω and field operator ( ) ψ x . We will write this as the pair ( )
. Let the state vector Ω and the field operator ( ) ψ x be defined at some initial point in time, say 0 = t . This may be taken as the initial conditions of the quantum system. Now there are two ways to handle the time evolution of the system. In the Schrödinger picture it is assumed that field operator ( ) ψ x is constant in time and the time dependence of the system goes with the state vector ( ) Ω t . In the Heisenberg picture the time dependence is assigned to the field operator ( ) 
Gauge invariance in the Heisenberg picture
Now consider a "simple" field theory consisting of non-interacting electrons in the presence of a classical electromagnetic field. In this case the time evolution of the field operator in the Heisenberg picture is given by,
,ˆ,
where,
and,
In the above expression the electromagnetic potential ( )
,
A A is taken to be a classical, unquantized, real valued quantity. Also e and m are the charge and mass of the electron, respectively, and α and β are the usual 4x4 matrices. Note that in the above equations we use 1 = = c . Also assume that at the initial time 0 = t the Heisenberg field operator obeys the equal time anti-commutator relationships, 
Next we will show that quantum field theory in the Heisenberg picture is gauge invariant. For a theory to be gauge invariant the expectation value of physical observables must be gauge independent. The physical observables that we will consider are the current and charge expectation values. The Heisenberg current and charge operators are, respectively defined by,
The current and charge expectation values for a normalized state In this case the initial system evolves into the system 
The Schrödinger picture
In the Schrödinger picture the state vector evolves in time according the Schrödinger equation,
We can take the Hermitian conjugate of the above equation to obtain,
Next define a Schrödinger operator by the expression,
The expectation value of the Schrödinger operator It is on this basis that the Heisenberg and Schrödinger pictures are considered to be equivalent representations of quantum theory. A proof that (4.6) is true is given in the Appendix.
The Vacuum state
An expectation value is a number. Therefore in order to evaluate expectation values we need to know how the field operators act on the state vectors. We will start by assuming that at the initial time 0 = t the state vector is in an initial unperturbed state which is given by, ( ) The key result of this section is that in the Schrödinger picture there is a lower bound to the free field energy of an arbitrary normalized state vector Ω .
Gauge invariance in the Schrödinger picture.
In Section 3 it was shown that the Heisenberg picture was gauge invariant. Here we shall consider the problem of gauge invariance in the Schrödinger picture. It will be shown that the Schrödinger picture is not gauge invariant. This will be done by assuming that the theory is gauge invariant and then finding a contradiction. The following discussion is similar to that given in Ref. [10] .
First define the Schrödinger current and charge operators by, 
In the Schrödinger picture the system evolves into ( )
,ψ Ω t x where
with the boundary condition ( ) 
Use this in (6.5) to obtain, 
0 , ,
where ( ) 
H e e xt t t (7.
2)
The solution to the above equation is, 
Summary of results.
A key result of this paper is that it shows that the Heisenberg and Schrödinger pictures are not equivalent. This is consistent with the work of Dirac [11] [12] and runs counter to the widely held perception that two pictures are equivalent. In addition, we have tried to understand why non-gauge invariant terms appear in various calculations in QFT since the theory is supposed to be gauge invariant. The approach taken was to consider what is required for a "simple" field theory to be gauge invariance. It has been shown that in the Schrödinger picture the formal theory cannot be gauge invariant due to the fact that the vacuum state is a lower bound to the free field energy. Therefore calculations done using the Schrödinger picture as a starting point will yield non-gauge invariant results as is indeed the case. However if the theory is formulated in the Heisenberg picture it is easily shown to be gauge invariant at the formal level. This suggests that the problems of gauge invariance could be resolved by working in the Heisenberg picture instead of the Schrödinger picture. Another important result is that there must be some kind of mathematical inconsistency in the theory. It was shown in the Appendix that the two pictures are formally equivalent. However on further examination we have shown that there is a lower bound to the free field energy in the Schrödinger picture but that there is no lower bound to the free field energy in the Heisenberg picture. We have also shown that the Heisenberg picture is gauge invariant while the Schrödinger picture is not. What accounts for differences between the two pictures which we have formally proved to be equivalent? Now quantum theory is based on mathematics. A mathematical theory consists of postulates which are mathematical statements that are assumed to be true without proof. The postulates can then be used to prove additional mathematical statements called theorems. Now what does it imply if the theorems are not consistent with each other? It implies that the underlying postulates are not consistent.
The inconsistency in quantum field theory is due to the way the vacuum state is defined per the discussion in Section 5. The vacuum state is defined in such a way that in the Schrödinger picture it is a state of minimum free field energy as specified by Eqs. (5.17) and (5.18). However as was shown in Section 6 in order for the Schrödinger picture to be gauge invariant there must be no lower bound to the free field energy. Therefore there is a mathematical inconsistency in the Schrödinger picture between the requirement of gauge invariance and the requirement that the free field energy has a lower bound. As we have seen this also leads to the inequivalence between the Heisenberg and Schrödinger pictures even though these two pictures can be formally shown to be equivalent.
The next logical question to ask is whether it is possible to define the vacuum state in such a way that there is no lower bound to the free field energy in the Schrödinger picture? If this could be done then, perhaps, the problem of gauge invariance in the Schrödinger picture would be resolved. This question was address in Ref. [10] . As was shown in [10] it is, indeed, possible to define the vacuum so that there is no lower bound to the free field energy in the Schrödinger picture and when this is done QFT in the Schrödinger picture will be gauge invariant. This again emphasis the fact the failure of gauge invariance is due to the way the vacuum state is defined. When the vacuum state is defined as in [10] the Schrödinger picture will be gauge invariant.
In conclusion quantum field theory is mathematically inconsistent. This inconsistency manifests itself when quantities such as the vacuum current or polarization tensor are calculated. When these quantities are calculated non-gauge invariant terms appear in the result. These terms must be removed to obtain a physically correct solution.
To prove this use that fact that Ĥ is hermitian along with (A. 
